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We give conditions for two elliptic or parabolic operators to have the same 
domain of definition in the space C, which are expressed very simply in terms of 
their coefficients and are both necessary and suffkient. Moreover, we show that, 
although two generic operators have different domains of definition, certain inter- 
mediate spaces between these domains and the whole space always coincide. 
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1. ELLIPTIC OPERATORS 
The idea of studying the domain of definition of the above-mentioned 
operators was stimulated by Example 1 in [ 1, p. 3161. 
Consider the differential expression 
(-1)” c &)~3+) (x = (x,, . ..) x, 
IL4 d 2m 
)E w (1) 
(a = (a,, . . . . a,)EfV, Jai =al+ ... +a,, D~=(d/iY~,)~l.. . ( iT/iJx,Jan), where 
the coefficients a, are supposed to be Holder continuous for Ial = 2m, and 
continuous and bounded for Ia( < 2m, and the ellipticity condition 
d151Zm6 C a,(x)taQ6-‘1512” (XT 5 E R”) (2) 
Jal = 2m 
(1512=t:+ . . . +p, (“=(o;’ . .. 5:) holds for some 6 > 0. Under these 
hypotheses it is well known (see, e.g., [2]) that the expression (1) 
generates, for any p E (1, 00 ), an elliptic operator A = A, from Wim( W) 
into L,(W) which satisfies 
C~(~,~)fl(x)=~~~G~(x,y;~)f(y)dy @ 2 &I) (3) 
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and 
IIRw)IIL”,L,~~~-’ (12 AA (4) 
for some A,, > 0; here R(i, A) = (,? + A) ~ ’ is the resolvent operator, and 
G,(x, y; A) is the fundamental solution of the resolvent equation. 
Moreover, it is known (see, e.g., [l]) that this is nor true for the operator 
generated by (1) from C*“‘(R’) into C( KY), but for some extension A = A, 
of this operator which will be called elliptic operator in C in what follows. 
This extension is given by 
9(A)= (u=R(%, A)f:f~c), 
Av=f-I1R(1, A)f (ueg(A)L 
(5) 
with R(I, A) as in (3). The correctness of the definition (5) has of course 
to be proven. Since the domain of definition 9(A,) of A, is the whole of 
We”‘, it is independent of the coefficients a,(x) in (1). In contrast to 
this, the following holds in the space C. 
THEOREM 1. Let A and B be two elliptic operators in C which are given 
by means of coefficient functions a,(x) and b,(x), respectively. Then 
2(A)=9(B) ifand only if 
a,(x) = b,(x) P(X) 
for some positive function p(x). 
(I4 = 2m) (6) 
2. PARABOLIC OPERATORS 
Let a,(x) be coefficient functions as before, satisfying condition (2). It is 
well known (see, e.g., [3]) that the differential expression 
wt, 4 
7 + ( -1)” C a,(& xl PP(t, xl ((t, X)Ew+‘) (7) 
Ial 92m 
generates, for any p E (1, co), a parabolic operator n(A) = n (A,) from 
W~2m(lKY+ ‘) into Lp(lWtl) which satisfies 
{+ n (A)]f}(td 
r/At, T; x, Y; A)f(r, Y) dy dr (8) 
ELLIPTIC AND PARABOLIC OPERATORS 319 
and 
(9) 
here RCA, n(A)] = [A+ n(A)]-’ is the resolvent operator, and 
r,(t, z; x, y; A) is the fundamental solution of the resolvent equation. This 
is again false for the operator generated by (7) from C’-Zm(W’+‘) into 
C(R”+ ‘), but true for some extension n (A) = n, (A) which will be called 
parabolic operator in C in what follows. This extension is given by 
n (A)v=f -IR [m(A)]f (@[n(A)]), 
(10) 
with R[,l, n (A)] as in (8). 
In this case, we get a criterion for the coincidence of the domains of 
definition of two parabolic operators n (A) and n (B) which is even more 
restrictive than that of Theorem 1. 
THEOREM 2. Let n (A) and n (B) be two parabolic operators in C which 
are given by means of coefficient functions acr(t, x) and b,(t, x), respectively. 
Then 9 [n (A)] =g[n (I?)] ifand only if 
aar(t, x) = b,(t, x) (IxI=2m). (11) 
3. INTERMEDIATE SPACES 
Let T be some linear operator in a Banach space E with domain of 
definition B(T), and suppose that for some I,, > 0 the operator (A + T)-’ 
is bounded for all A 2 1, with 
Il(l+ T)-‘II E+E<M(E, T) ;1k’. (12) 
In this case the operator T is usually called positive. For positive T one can 
define a family of intermediate spaces E,,(T), 0 < CI < 1, 1 < q < co, between 
g(T) and E, equipped with the norm 
l/Y 
Ilf II - &,,(T) 111”(&+ T)(A+&,+ T)P1fll,T} (13) 
(see, e.g., C4, 51). 
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Now, if U is another positive operator such that g(U) =9(T), then 
-GA u) = E, p( T). 
Elliptic and parabolic operators in C are positive (see (4), (9)), but 
a(A) #g(B) in general, and g[n (A)] =S[n (B)] only if the principal 
coefficients in the differential expression (7) coincide. Nevertheless, the 
following holds. 
THEOREM 3. Let T and U be arbitrary elliptic or parabolic operators in 
C. Then E,,(T) = E,,(U) = El,q, and 
IlfII~m,Y(u)GW~ T)a-‘(l -a)-’ llfllE,,,cr, (14) 
forfE&,. 
All statements given so far will be proved in the following sections. 
4. PROOF OF THEOREM 1 
It is known (see, e.g., [6]) that the function GA(x, y; 1) admits Holder 
continuous derivatives D:GA(x, y; 1) (1~1 < 2~2) for x # y and ,I 2 &, and 
the estimate 
KG,.& Y; n)l G MO exp( -&I~1 1/2m Ix - ~11) g(x, y; A) (1% 
holds for some 1, > 0, M, > 0, 6, > 0, where 
3, ~ (n + III MZm if n+ [cl] <2m, 
g(x, y; 1) = 1 + [log L”2mlX- yl ) if n+ IorJ =2m, 
IX-Y1 
Zm--n-(al if n+ lcll>2m. 
First of all, this implies that the operator R(1, A) given in (3) is continuous 
from C into CZm-r. Moreover, R(I, A) maps the set 2; of all functions 
u E C for which o(x)lxl N -+ 0 as 1x1 -+ co (for any N> 0)) into the set c”‘- ’ 
of all functions w  E C2” - r with D:WG 2; for Ial 62m- 1. Finally, if a 
sequence of continuous functions fk is uniformly bounded and converges 
uniformly on any compact subset of R” to some function f, then the 
sequence D;R(l, A) fk converges in the same sense for ) aI < 2m - 1. 
Obviously, for each f E C one may find a sequence fk E c with fk + f in this 
sense; consequently, R(1, A) fk = (A + A)-’ fk, since fk E L, for p E (1, co). 
This reasoning allows us to construct the elliptic operator in the following 
way: 
(a) R(1,A)R(~,A)f=R(~,A)R(;1,A)f for any 12&, p2&, 
fe c; 
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(b) AR(I, A)f-ffas 3, --f co, for anyfE C; 
(c) if R(A, A) =R(A, A) p for some A> A,, f~ C, and (PE C, then 
f=% 
(d) 9(A) = {u = R(I, A)f: f~ C} does not depend on A > I,, and is 
obviously a linear set; 
(e) by (c), the operator Au= f - iR(L, A) f is well-defined from 
9(A) into C; 
(f) by (e), the resolvent operator R(& A)= (J. + A)-’ exists for 
II 2 A,, and by (15) the estimate (12) holds for T= A and E= C; 
(g) C2”’ E 9(A), as can be seen by approximating u E C”” by 
VkE2;2m with Dcu, -+ D”,v (k -P co) for Ial < 2m; 
(h) 9(A) # C”“, as can be seen by adopting the method of [ 13. 
We pass now to the proof of Theorem 1. If (6) holds, then u = R(I, A) f 
(f E C) implies that u = R(;1, B) $, where 
$=j{f-h-(-l)- c (o,pb,)D;oj+ivtC 
Ial < 2m 
Since the condition (6) is symmetric in A and 3 by (2), this proves the 
sufficiency of (6). To prove necessity, suppose that (6) fails for 
x = 0 = (0, . . . . 0), say. This means that a&O) = p’b,o(O) for ~1’ = (2m, 0, . . . . 0) 
and a,(O) # pOb,(O) for some 5 # c1’, lkl = 2m, where p” > 0 and bs(0) #O. 
Let 
and 
u(x)= {x:“[(2m)! b,o(O)]-‘-x”[E! be(O)]-‘} 
x log log .1x1 - 2 to < l-d2 < l/e), (16) 
4x)= 4x1 cp(lx12) (x E Rn), (17) 
f(x)=Iu(x)+(-1)” c a,(x)D;u(x) (x E R”, 12 A,), 
14 $2m 
(18) 
g(x) = h(x) + ( -1)” c b,(x) D;o(x) (x E R”, 1> A,), 
Ial < 2m 
where q(t) is some C” function which is 1 for It1 < 1/4e and 0 for 
I tl > 1/2e. Since u E W.Em( IP), we conclude that u = R(1, A) f = R( I, B) g in 
Lp for p E (1, co). Since the coefficients a,(x) and b,(x) are Holder 
continuous, we get g E C, but f$ C. Consequently, u E 9(B), but v $ Q(A) 
in C. 
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5. PROOF OF THEOREM 2 
The proof for parabolic operators builds on a similar reasoning as that 
for elliptic operators, and on well-known estimates (see, e.g., [3]) for the 
fundamental solution Ta(l, r; X, y; A). If ~~(0, 0) # b,(O, 0) for some 
10~1 = 2m and b,(O, 0) # 0, say, the test function (16) has to be replaced by 
u(t,x)={t-(-1)*X~[a!6,(0,0)]-‘}10g10g[(t2+~x~*)-‘], (19) 
which is defined in a small neighbourhood of (0,O) and can be extended as 
above (see (17)) to the whole of IF!“+ ‘. 
6. PROOF OF THEOREM 3 
The main tool in the proof of Theorem 3 in the elliptic case is the 
estimate 
which follows from (15) and the formula 
where 
G,(x, Y; L) = I,. GA x, z; A) G,(z, y; A) dz. 
By (12) and the identity (A I = A,, + A, B, = 1, + B) 
it suffices to establish the estimate 
(21) 
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Now, the estimate (20) and the identity 
(I.+A,r’f=2j; {jl: (t+Ti+A,)-*Al(t+T~+A,)-~fdr dz i 
imply that 
II~‘(~+A~)-‘fllc2m 
Consequently, (21) holds with M, = 244. This proves the assertion in the 
elliptic case. In the parabolic case, the proof is based on the estimate 
which follows from the identity 
where 
f2(t,r;x,y;1)=j’ 1, f~(i,r;x,z;i)T,(J,r;z,y:i)drjds, 
-m R” 
and estimates from [3]. 
7. CONCLUDING REMARKS 
Theorems 1 and 2 show that, in contrast to the L, case (I< p < CO), the 
domain of definition of an elliptic or parabolic operator is very sensitive to 
a substitution of the independent variable. 
THEOREM 4. Given an elliptic operator A in C(RY), we haoe u E CZm(R”) 
zf and only if uoLES(A) f or any affine transformation L = L(x) on IF!“. 
Likewise, given a parabolic operator n (A) in C( R” + ’ ), we have 
u E C ‘s”“( R” + ’ ) if and only if u 0 S E 9 [ fl (A)] for any affine transformation 
S=S(r,x) on W+l. 
Similarly, one may consider elliptic and parabolic operators in the 
spaces L,(R”) and L,(W+‘), respectively, and establish analogues to 
Theorems 1-4 given above. 
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